H2 MATHEMATICS (9758)
TOPIC

DIFFERENTIAL EQUATIONS

1

(i y=w’
Yo 8
OIX_v(2 )+dx(x)

xd—y:x3+xy+2y
X

x(va+x2?j: x3+x(vx2)+2(vx2)

X

dv
2ux? + X3 — = x>+ vx® + 2vx?

X

dv
X} — = x> +vx®
X

ﬂ:1+v

dx

. dv
i —=1+v
(i) i

In[l+v|=x+c

X+C

[L+v|=e

X+C

l+v=x=e

1+v=Ae* where A=z+e°

1+ = A¢’

X
When x=1, y=1
1+1i2:Ae

A2

e

l+—2:(gjex

X e
1+lzz2ex‘l

X

X—yz_Zex‘l 1

(shown)



(i) v=4x-y

(i) —=4—(v+2)
_ 1 av
4—(v+2)2 dx

J‘%dv:jldx
4—(v+2)
1 In|2+(v+2)

=x+C
22) [2-(v+2)

nVL‘1r =4x+4C
-V

1+ﬂ — +eAx+4C

v
1+ﬂ = Ae** where A= +e*°
v
When x=0, y=-2, .v=0-(-2)=2.

Hence 1+g= Ae® = A=3




(@)

y = ZSecX

dy dz
—~ =7zsecxtan X + —Secx
dx dx

(3—ntanx)=0

dz
n[zsecxtan x+d—secxj+ zsecx(3—mtanx) =0
X

dz
nZsecXtanX+nd—secX+3ZsecX—nZsecXtanX=0
X

dz -3z
[
1dz -3
zdx 7w

1 -3
j—dz:j—dx
z b
-3
In|zj=—x+C

T
_—Sx+C
z=tem
-3
—X
Z=AeT™
=3
o Ae™
secx
-3
—X
ycosx=Ae™
_ﬂ:

When x_3 and y=2,

)
2c0st = Ae ™3

A=¢e

-3
—X
.. YCOS X ZG[G T J

1- §x

ycosx=ge ™

where A = +¢e°©

dz
m—secX+3zZsecXx=0
dx

dz
T—secX =—-3ZsecX

dx
dz

dx

where a=1 and b:—E

T

-3 (shown)
T



1- Ex
T

e
®) y= COS X

For vertical asymptotes, consider cosx=0

The asymptotes closest to y-axis are x= —g and x =g.



P _Lpu3-2p)
dt 26
1 dP 1

P(13-2P) dt 26

_ 1 4p- f L gt
P(13-2P) 26
Method @: Partial Fractions
1 M N

—_— =
P(13-2P) P 13-2P
1=M (13-2P)+NP

When P=0, M =i
13

When Pzg, N _2
2 13

1 1 2

(@)

Method @: Complete the square

P(13-2P) 13P  13(13-2P)
1(1 2 j
=—| =+
13(P 13-2P

L2 gp-Liia
13) P (13-2p) " 26

1 2 1
~dP— | ———dP==[1dt
JP J(13—2P) Al

InfP|-nft3-2p| = 2t+C

In P =lt+C
13-2P| 2

P %H—C

13-2P|

1t-¢-C
— 4p2

13-2P

1
—t
= Ae? , where A = +e°

13-2P
Whent=0, P=2,
_2 A
13-4
J
9

P(13-2P)=13P - 2P’

:—Z[PZ—EP}
2
2 2
_ol(p 13} (18
4 4
1 L Y P
CE
4 4
‘P 13 13
199 a4l 1
= In =—|1dt
2,(13 ‘P_13+13 26
4 4 4
13
p_—2
L2 Ly
13 P 26
n[2P=18 L
2P
2P 13|  luc
=€
2P
2P-13 _ v
2P
1
2P 13:Ae Zt,whereA:J_reC
2P
Whent=0, P=2,
2(2)-13
2(2)-13 = Ae°
2(2)
a=-2



P
13-2P

2
9
L
OP = 2e? (13- 2P)
Lo
9P = 26e2 —4Pe?
1 1

OP +4Pe? =26e?
By By
P| 9+4e? |=26e2

L
26e2 e
[
9+4e2 ¢
26

1

9e ? +4

e
2

T,
2

P=

P=

(shown)

(b) When P=4,
26

4=—7
9e 2 +4

1
4[9e’2‘ + 4} ~26

—itz In -
2 18
t=—2|n(iJ
18

t=2.56

It takes 2.56 months for the number of people who downloaded Ginseng Impact to double since the

launch.

1
€ Ast—ow,e? -0,
é
4

P—

Number of people that downloaded Ginseng Impactful in the long run is 27?(1000) =6500.

9

2

2P-13 9
2P 4

1
8P—52=—18Pe 2

1
8P +18Pe 2 =52

1
P (8 +18Pe2tj =52
5 52

1
8+18Pe 2
26

1
% 2 +4

P= (shown)



(d)

P (in thousands)

4 p__ 26
T4
6.5 9e * +

» t (in years)




(@ y=ux’

ﬂ:u(Zx)+x2d—u

dx dx
ay 2y _ s

dx x

2(ux?
2ux+x2d—u—u=x3

dx X

du
2ux+ x> ——2ux = x°
X

de_u:X3
dx
Since x # 0, d—uzx
dx

u=lxic

2
lzzlszrC

X 2

1 4 2
==—X"+Cx
y 2

(shown)



dN
b) ——xN
®) 4=

N

dt
When t =0, N =5000, cij—':' = 200,

kN, k>0

dN
o
200 = 5000k
1
25
dN 1
dt 25
1dN 1
N dt 25

.[idN='[idt
N 25

|n|N|=2iSt+c

kN

N-e=

N =Ae®  where A=+e®

When t =0, N =5000,
0

5000 = Ae?%
A =5000

t
. N =5000e%

When t =50,
50

N =5000e%
=36900 (3s.f.)



(c) %—T:kN(InM ~InN)

1
JN(InM—InN)dN:Ikdt

1
N
—| —————dN =|kdt
(INM =InN) I

~InlnM —InN|=kt+D
IniInM —InN|=—kt—D
INM —In N|=e™P

INM —InN =+e P

In (%} =Be™ whereB=+eP®

M it
- eBe

N

N = Me & "

As t — oo,

e 50, e®" 5e® 51 NoM.

Regardless of the initial population of the bacteria, the number of bacteria always tends towards M
eventually.



do
a —o—(0-32
(a) m ( )
de .
P —k (6 —32) for some positive constant
1
——d6=—k[1dt
0-32
Method @: Method @:
Since pie is cooling down, 0 > 32 In|6 —32|=—kt+C
0-32>0 JO
In(0-32)=—kt+C 0-32|=e
_ —kt+C
0_32:e7kt+(: 0_32—ie
0-32— Ae™ where A — e 0-32=Ae ™, where A=zte°
' r Kt
0 =32+ Ae™ .
When t=0, 6 =200
200=32+A
A =168
5.0=32+168e™"
When t=15, 9 =180=232+168e ">
e’l‘r’k = % = 3_7
168 42
Hs Hs
e =37 £0=32 +168(3—7)
42 42

(b) y

200

37)s
(c) When 0=60, 60= 32+168(Ej

Using GC, t =212.04 (5 s.f.)

Ys 15In
Alternatively, 60 =32 +168(%) =>t= ﬂ ~212.04

(37,

= 212 mins (nearest min), equivalent to 3h 32 mins.

To safely store the pie, t <212 mins. Latest time to keep the pie is 4.32 pm.



7

dv_
dt
dv

Ez9.8—kv (Since R «c v = R = kv, where k > 0)

1
I9.8—kv dv=[Ldt

9.8—-R

1 -k

o vl EL
Method @: Method @:
Since 9.8—kv>0 1

1 —=In|9.8—kv|=t+C
—In(98-kv)=t+C k

In|9.8—kv| = —kt —kC
9.8 —kv|=e™""¢
9.8—kv =+e MK

9.8—kv=Ae™, where A=+e™*

In(9.8—kv)=—kt —kC
9.8 kv =g

9.8—kv=Ae ™, where A=e*°

When t=0, v=0 (helicopter is stationary)
9.8-k(0) = Ae°
A=98
9.8—kv=9.8e"
kv=9.8-9.8¢
9.8(1-e™")
k

\Y

Ast —> o, e 0, V—)%

The terminal velocity of the parachutist is 9k—8 ms™.



(@)

(b)
(©)
(d)

dv

—=8-kv,k>0
dt

_[8 1kvdv=_|'1dt

—%J' 8:'?(\/ dv = _[1 dt

—lln|8—kv|=t+c
k

In[8—kv| = -kt —ke
|8— kV| _ ke
8—kv=te

8—kv=Ae™ where A=+e™*

kv=8—Ae™
v=%(8—Aek‘)
When t=0, v=0
1
E(8—Ae°)=o
A=8
.'.V:%(S—Sek‘)

When t =10, v=5

1 )
5=E(8—8e 1"k)

Using GC, k=1.6
SV= %(8_861& ) _ 5(1_ e—lﬁt)

NORMAL FLOAT AUTO REAL RADIAN MP

CALC INTERSECT
Ya=5

—

Y=5

1

In the long run, as t — o, e ** — 0,v — 5 gallons

d_v =8V
dt
Let T hours be the time that elapsed.

N _g_y
dt

J,58—v2 dv=J0 ldt

4
0.36195=T

Time that elapsed =0.36195x 60 = 22 min (correct to nearest minutes)




(@)

E = rate of increase — death rate

) 1
rate of increase oc —

N? death rate oc N
rate of increase :Az, where A0 death rate = BN, where B >0
N A
Tdt N?

When N =3, O('j_t:o (number of rodents remain constant)

3%—33:0
A-27B=0
A=27B or B=iA
27
dN_A_A
dN _27B dt  N? 27
dt N° _ 27A—AN°®
B(27—N3) 27N?
k(27—N3) - 27 N2

= NE where k _A



dN k(27 -N?)
dt  N?
N> dN
27-N° dt

2
J N ~dN = jkdt
27-N

2
1J N N - [kt
3) 27-N

(b)

——In|27—N3|:kt+D
3

|27— N3|:—3kt—3D
27 _ N3 _ +ef3ktf3D
27 —N*=Me=* where M =+¢~*P
Whent=0, N=5,
27-5=M
M =-98
27 - N°®=-98e%
N® =27 +98e

(© The population of rodents will decrease and eventually approach 300 in the long run.

N

(0.5)
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(i)

With filter in a new clean tank, level of pollution stabilizes at 75 units:

dQ _dq, dQ,,
dt  dt dt
aQ,
dt
onut \/_
dgf“‘ cy/Q, wherec>0
=k—c\/6
Starting with a new clean tank:
Whent=0, Q=0, d—Q—5
dt
dQ =k-¢/Q
5=k—cf
k=5
-5-cl
dt
Ast—o, Q75 Z—?—)O,
dQ
—=5-¢C
dt \/6
0=5-cJ75
53¢ =5
1

V3
d—Q=5—\/§ (shown)
dt 3



(i) x=

6x%—5 X (shown)
dt

dx
i) 6Xx—=5-x
(i) dt
6x dx _
5-x dt
—d _jdt
6j 1+—dx dt

—x—5|n|5—x|=%t+c



x+|n|5—x|5=%t—c

In|5—x|5 =—x—%—c

5—x = &
t
(5-x)" =+e*“ee ©

—t

(5—x) e*=Ae® whereA=+e™*

Q —t
(5— /gj e's = Ae®
3

When t =0,
5

o

A=5"=3125

> R ~t
[5—\/%} e\/; =3125e°

Therefore,a=5, b =5, m=3125 and p =%1.

(iv)  When Q = 48,
e 3
[S—EJ e\/: =3125e°

eA
t=-6In =24.3 days (3 s.f.
[3125} s ( )

Without a filter, the pollutant level would reach 48 units int =48 /5 = 9.6 days.
Therefore the filter is effective.
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. dv 6xnR
i —+ V=
() pr— g

Substituting all the values, n =1.3806, R =0.05,m=0.2, g =9.780 gives

% +6.5059v =9.780

W _9780_6.5050v
at

1 v
9.780-6.5059v dt

J L dv= jl dt
9.780—6.5059v

J
\' C

1 —6.5059
6.5059 ) 9.780—6.5059v

In|9.780-6.5059v
—6.5059
In|9.780 — 6.5059v| = —6.5059t — 6.5059¢
|9.780—6.5059v| = g O
9.780 - 6.5059v = +g *0% 65059
9.780 - 6.5059v = Ae "% A = g b0

dv=t+c

Att=0,v=0, (ball is released from rest)
9.780— 6.5059(0) — Ae85590)

A=9.780
9780 _ 65059V — 9.780e—6.5059t

6.5059v = 9.780 — 9.780e 5505t
= 9.780(1— o 65050t )

v =1.5032 (1— g 8505t )

v=150(1-e®")  (3sf)

(i) Ast—>o0,e " 50, v 515032

The ball approaches a velocity of 1.50 ms™ after a long time.

(iii) Method @:



_d
dt

d
jvdt:jd—)t(dt

x:jvdt

\'

X = J’jol.5032(1—e’6'5°59‘)dt (using GC)

=44.865~ 44.9
The distance covered by the ball after 30 seconds is 44.9 m.

Method @:

V= dx _ 1.5032(1— g 0505 )
dt

X = j 1.5032(1— e %) dit
=1.5032 j (1—e-6-5°59t ) dt

~1.5032 [ 1dit dit - o= dt}

1
6.5059

-1.5032 j 1dt dt + j —6.5059¢ 5%t dt}

e—6.5059t
=1.5032|t+ } +C

6.5059

15039
6.5059

When t=0,x=0=c=

Whent = 30,

~6.5059(30)
x =1.5032| 30+ & _FEle
65059 | 65059

=44.9 (3s.f)
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(a) y decreases at a rate proportional to y implies

Ol—y:—ay,where a>0
dt
Method @©:
X2 +y2 =82
2x+2yd—y=0
dx
dy__x
dx y
dx d_x dy
dt dy dt
y
=—=(-a
L)
_ay”
X
a(64-x*)
- X
k(64-x)
=——~ wherek =a (shown)
X

(b) Given that k =3,

dx 3(64—x2)
dt X
X dx _
64—x2 dt

j64_x dx = j3m

dx=3t+C

__-[6 4-x?

Method ®:
Since x<8 , 64—x*>0

—%In(64—x2):3t+c
In(64—x2)=—6t—2C
64— x2 = g ot-2C

64—x>=Ae™® whereA=¢>

When t=0, x=4,
6442 = Ae "
A=48

dy

at Y

Method @:

X2+y2:82

dx dy

2x—+2 =0
dt yd

dx
2X—+2y(-ay)=0
th+ y(-ay)

dx
X—-—ay =0
s
dx _ay*

dt  x

a(64—x2

X
k(64—x
X

Method @:
—lln‘64—x2‘:3t+C
2

‘64 _ XZ‘ — efﬁtfzc
64 — x>
64—x>=Ae™

)

)

, Where k = a (shown)

|n\64—x2\=—6t—zc

=+ e—Gt—ZC

, Where A= +e*¢



dx 3(64— xz)

dt x
X  dx _
64—x* dt
X
I64—x2 dx= 3 dt

—1In(64-x*)=3t+C  (since x<8)
x?=64—Ae®  where A=e™°

X =+/64-Ag™

Whent=0, x=4:

4=64—A
A=48
S X =+/64—48e™
When y=3 Xx=164-3 —/55
/55 = /64— 48~
9

-6t _ I
48
t=0.279=0.3s (1d.p.)

e

(c) x 1
x=38
4 x=+/64—48"
O t

(d) Based on Jim’s conjecture, the rod will never be flat on the ground; thus not appropriate.
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. . d
o Q.0 d

dt  dt dt
Q, 1 dQys
it Q T
dQ_i”:i,a>O &:bQ,b>0
dt Q dt
Rate of change of amount of glucose, 4Q_dQ, _dQy,
dt  dt dt
dQ a
—~=—-b
dt Q <

The amount of glucose in the bloodstream remains constant when Q = 4 implies that
When Q = 4,%—? =0

2 _ap-o0
4
a=16b or b:ia
16
9Q_16b 5 Q_a_aQ
dt Q d Q 16
:b[16—Q2j or :a[le—sz
Q 16Q
:k[m—Qz],wherek:b :k[lG_QZJ,wherek:i
Q Q 16
2
(ii) d—Q=k{—16_QJ
dt Q
Q do_
16-Q? dt

Q _
le_QZ dQ = [k dt

=R oo
2J16—Q2 dQ jkdt

—%In‘lG—Qz‘z kt+C
In[16-Q°| = -2kt - 2C
‘16—Q2‘ _ p2k-2¢
16—Q2 — 4o 2k-2C

16— Q% = De?*, where D = +e ¢



(iii)

(iv)

(v)

Whent=0, Q=7

D=7"-16
D=-33
16-Q* =-33e ™

When t =15,Q = 6.8
16-6.8% = —33¢ %
e =0.91636

~30k = In0.91636

~30k = —0.087342

k =0.0029114

16 _ QZ — _33672(0.0029114)t
QZ — 16 + 33970.0058228007t
Q? =16+ 33" \where A=33,B=-0.00582 (3.5.f)

When t = 60,

QZ — 16 + 33e—0.0058228(60)
Q=6.267~6.27 (35.f)

Since the glucose level after 1 hr is 6.27 mmol/L which is not within the normal range, hence the
clinical trial is not as effective as it claims.

When t —» o0, e 50, Q° »16. Hence Q — 4.

Hence the amount of glucose in the patient’s bloodstream approaches 4 mmol/L in the long run.

The model might not be feasible in the long run as there may be other external factors such as
consumption of food, that might affect the glucose level in the patient’s bloodstream.
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(@) g_y gives the gradient of the tangent of C.
X

Using Pythagoras Theorem, x* + y* = 6> = x = /36— y* (since x > 0)

At W, with coordinates(x, y), absolute value of the gradient of the

tangent is Y
36— y?
Since gradient is negative from the diagram/context, (;_y = —%
X 36-y
(b) W =36-y’
2Wd—W = —2yd—y
dx dx
dy __wdw
dx y dx
dy_ -y
dx . /36-y?
_waw_ -y
y dx  Jw?
dw__y’
dx W W2
2
= (\/W = |W|)
wiw
2
% (|w| = w,since w=> O)
36 —w?

W (x,y)

<



(©)

dw _36-w’
dx w?

w2 dw

36w dx

W2
dw =|1dx
f36—w2 J.

f—1+ 36 5 dw=x+c
36—w

I—l dw+36f%dw= X+C
—W

-W+36- 1 In 6JrW=x+c
2(6) [6-w

-w+3In 6+w =X+C
6—w

X=-w+3In 6+W—
6—w
Since 0 < w< 6, x=—w+3|n(6+wj—c
6—w

Since W>0,w* =36y = W=/36—y?
_ 2
X =—/36—y* +3In 6+y36-y |_.
6—+/36— Y’
From W, (0,6) : When x=0, y=6

- 2
0= 36_67 +31n V30 =6 .
6—+/36—6°
0=0+3Inl1+c
c=0

_ 2
7 gnotN30T Y

Final equation: x =—/36—-y
6—+/36 -y’

or

x=—\/ﬂ+3ln(6+\/36—y2)—3|n(5—\/36—y2)



(d) Asy—0, —36-y° —>-6

3In(6+«/36—y2)—>3ln12
—3In(6—«/36—y2)—>—3ln0—>oo

Thus X =—/36—y? +3In(6+\/36—y2)—3In(6—\/36—y2) increases to infinity.

6++/36—y? .
(or ——=——=—== tends to infinity)
6—+/36—Yy°





