H2 MATHEMATICS (9758)
TOPIC

MACLAURIN SERIES

(b) H(\/g + sin20) - 2cos(% - 0]

~ 9(\/§+ 29)—2(cos%cos¢9+sin%sin9j

2
~30+26% -2 10,9
2

2

2
=30 +26° —1+%—\/§0

2
_30
2

OR

H(\/g+sin20)—2cos(%—0j

= 6(\/5 + 2sin @ cos 9) - Z(COS%COSQ + sin%sin 6’)

z\/§9+2(9)(9)[1—%2J—2[

2
~/36 + 26 —1+%—\/§9

2
_30
2

92

1——)+£9J
2



2

By sine rule, PQ_ o) = sf:le‘
_ PR sin%
- PO sin(3-6)
sin§

sin%cos 0— cos%sin 0

3
~ 2
2
F0-9)-3
3
_ 2
2
S1a-4)-4o1
_ 1
N 1 1 p2
1-Lo-1o

-1
Lg.1lg
1= o+107)]
1 1p2 1 1 p2y2
214 (0+30M)+ 0+ 107

Q

1 192, 1p2
1+f‘9+79 +30

— 1 5 p2 _1 _5
=l+=0+260" wherea=—+, =2

NERC B

(shown)
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(a) y=e 'sinx+x—1
d

—y:e"‘ cosx—e “sinx+1
dx

=e " (cosx—sinx)+l

2
ij; =¢ " (—sinx—cosx)—e ™ (cosx—sinx)
=—2¢ " cosx where k=-2 (shown)
b 3
®) % =—2¢ " (—sinx)— (—Ze*x)cos X

=2¢™" (sinx +cosx)

Whenx=0:f(0)=-1

£1(0)=2
£7(0)=-2
£m(0)=2
x2 x3
y==—14+2x-2-—+2-—+...
2! 3!

3
=—1+2x—x° +x?+...

c 3
© . 42—+ 4
e sinx+x—1 3
cos2x 2x)

1—( x) +...
21

=|-14+2x—x7 +x?3+... (1—2x2)7l

3

=| L 2o Sk 1 (1) (<20 4

= —142x—x* +x?3+... (1+2x2 +)

3
=—1-2x" +2x+4x" —x° +x?+...

=—1+2x-3x> +gx3+...
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@)  f(x)=sec’x
f'(x) =2secx(secx tan x)
=2sec” xtan x
f"(x)= 2[sec2 x(sec2 x) +(tan x)(2secx(sec x tan x))}

4 2 2
=2sec” x+4sec” xtan” x

When x=0, f(0)=1

f’(x) 0
f"(0)=2

f(x):1+0x+£x2 +...
2!

=1+x>+...

(b)

(1+ax)74 =1+(-4)(ax)+ (_4)2(_5) (ax)2 +...
=1—-4ax+10a°x* +...

Since the coefficients of the x and x” terms in the expansion are equal,

—4a =10a>
10> +4a =0
2a(5a+2)=0

a =0 (rejected since a # 0) or a= —%



X
X)=
g( ) 4—x
1
=x(4-x) 2
1
2
i3]
4
1 1
421X
4
1
:lx - ’
2 4
)23
—lx 1+ —l X + 2 2)(_x
2 4 2! 4
L I S B
2 16 256
Therefore azl, b:i’ c:i
16 256
b _
®) Percentage error = Jx)-gx) x100% < 4%
g(x)
‘(1x+1x2+3x3j_x
2 16 2;6 VA=Y 0,04
‘ Va4—x

Using GC, = 0<x<1.87 (corr. to 3 s.f)



(@)

(b)

1
p— +_
2 8 128 1024

l x2 3xt s

216 256 2048

x* 3xt 5x° }
+ +...

Method 1
sec2x 1 1

\/4—x2 —\/4—x2 cos2x

l x_2 5x(’+ 1
2 16 256 2048 (zx)2

1 2

— —+ ]1+2x +.. )
2

1 17x°

—+

2 16

Method 2

y=sec2x

d_y =2sec2xtan2x
dx

{5
[%+_+ ]1 2 +..)
{

d*y
dx2

=2 [2 sec2xtan® 2x + 2 sec’ 2x]

2
When x=0, y—ldy 0d =
dx dx’

seCZx=1+%x2 +o=142x" +...

sec2x _(1 X 3x! 5x°

4-x

+ 4 + F.. (1+2x2+...)=
2 16 256 2048

1
—+
2

17x?
16




7
(@

(ii)

Method 1

ln(1+e"‘)zln 1+(l—x+x?2ﬂ

2
=In 2—x+x—j
2

2
—In|2[1-2+%
2 4

2
24| 1+ -2+ 2
2 4
X x2 ’
N 5
P
2 4 2

_—+...

2 2
Y P AL L
2 4 8

=ln2—£+lx2+...
2 8

Method 2
f(x)=In(l1+e™)

f'(x) B 1+1e‘x (_e_x) e :

f'(x)= (ex +1)_2 e




(a) y=¢" cos3x

& =e¢" cos3x+e*(—3sin3x)

=y—3e" sin3x

2
jx—); = %—3[& sin3x+e” (3 cos3x)]

_ Y et sin3x—3¢" (3cos3x)
dx

dy (dy j
=—+—-y|-9
" (dx y -9y

dy
=2—=—-10y (shown
& y (shown)

3 2
&y 4y 0P
dd dx

When x =0,
2 3
AR A S P

dx ’dxz_ ’dx3

By Maclaurin expansion,

(-8) o, (26) 5

y=l+x+ o X+ S SN

=1+ x—4x? —Ex3 +...
3
(b) Using standard series expansion,

1 1
e’ :1+x+—'x2+§x3 +...

X +...

2
cos3x=l—@+,,_=1_2 2

e’ cos3x = 1+x+lx2 +lx3 +... 1—2x2 +...
2 6 2

=1+x+[l—2jx2 +[l—2jx3 +...
2 2 6 2

=1+ x—4x? —?ﬁ +... (verified)



(©)

In(1+e* cos3x)

zln[1+(l+x—4x2)]
:ln(2+x—4x2)

=1n2(1+f—2x2j
2

:1n2+1n(1+§—2x2

X 2
(2‘2"2)
BNy by

2
—m2s X e LX),
2 2

4
17 ,

= 1n2+lx——x +... (shown)
2 8



(a) _ 2cos2x
1+sin2x

zz(l—%}(nzx)l

1—2x2)£1+(—1)2x+#(2x)2]

2

Q

~
~

(
2(1—2x2)(1—2x+4x2)
2(1—2x+4x2—2x2):2—4x+4x2

()@  y=In(1+sin2x)

e’ =1+sin2x
Differentiate wrt x

e}’%=2c052x———(1)

Differentiate wrt x

2 2
eyd—y+ey (d_yj =—4sin2x

dx dx
2 2
¢’ (%J{%j j:—4sin2x———(2)
h=2,k=-4

(b)(ii) Differentiate wrt x
3 2 2 2
e’ d—);+2 Y d—J; +e’ Y d—J;+ Y =-8cos2x ———(3)
dx dx ) dx dx )| dx dx
Whenx=0, y=0

From (1) : eod—y=2cos0:>d—y=2
dx dx

From(2):eo(ji—f+(2)2]:0:ji—f:—4
0 d3 0 2 d3
From (3): ¢ [gf+z<z><—4))+e (2)(-4+(2))=-8=F =3
(%) - . (8)

- 4
y=2x+—2x" +?X3 +..=2x-2x +§X3 +...



(c)

In(1+sin2x)~ 2x—2x’ +§x3 +...
differentiating both sides,

4 In (1+sin 2x) :i( 2x—2x° +ix3 +j
dx dx 3

2cos2x
1+sin2x

=2—4x+4x’
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@1 y=in(1+2x+3x7)
e’ =1+2x+3x’

Differentiating with respect to x,

d—yey =2+6x

5 2
d—J;ey +(d—yj e’ =6
dx dx

When x =0,
y=0
d_,

dx

d’y

PR

y:0+(2)x+%x2 +...

=2x+x" +... (up toxz)

)y =in(1+2x+3x)

2x+3x%)
=2x+3x’ —M+ .. (using standard series)
2
P
2

=2X+x" +... (up to xz)(veriﬁed)

(b) % 1
s =x(4+x) 2

[
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@ s
2z
a 3
£+0
P Q
LPQR:ﬁ—z—ﬂ—(£+0J
3 6
~Z_ 9
6
Using Sine Rule,
PO a
T (o)
sin— sin| ——46
3 6
asin—

. T T .
s1n—cos€—cosgsm9

al X2
2
lcos@—isiné’
2 2

_ \Ba
cosH—\/gsine

(i) Ba
PO =
© cosf — \/g sin @

V3 a
02
1-==30

~

=3a 1—\/59—72)
_ 0", (=D=D) &\
=3a 1+(—1)(—\Be—7j+2—!(_\59_7j +J

=3a 1+(\/§9+%2j+(392+---)+---]

~\3a 1+\/§0+%¢92)



(iii)

\/ga(1+\/§0+;92J— a

cos@—\/gsine
V3a

cos@—«/gsiné?

7 1
1+\/§9+92j—
( 2 cos@—+/3sin 6

Let £(6)

1
cosH—x/gsinQ

- £(0)<0.05
From GC,
y

y=1(0)

y=0.05

of 0.194

0<6<0.194 (3sf)
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(a) AB 1 B 1
. T . (57 . S Y
sin— sin| ———x| sin——cosx—cos—sinx
6 6 6
48 _ !
1 3] .
5 5Co8x—| —— = |sinx
2 2
4B 1
l 1(cosx+ 3sinx)
2 2
AB = ! (Shown)

cosx++/3sinx

(b) 1

AB ~ 2
(1—2)(: J+\/§x

z[1+(x/§x—%x2ﬂ_l

zl_(ﬁx_%xz}(ﬁx_%xz)

2

2
zl—x/§x+%x +3x2

2
zl—\/ngr%x

© ln(pﬁq):ln{‘I[”ﬁxﬂ

q
zlnq+ln[1+£x]
q
=lnq+£x+---
q
Comparing, Ing=1and £ - _/3

q
¢g=¢ and p:—\/ge
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(i  y=cot(x+a)
%:—cosec2 (x+a)= —(1+cot2 (x+a))= —(1+y2)

dy 2

AP

Ir y

d’y dy 2 3

F:—Zya:Zy(ler ):2y+2y
3

4y _ Y ¥

dr' Tdx dx
=-2(1+y%)=6y"(1+)%)
=—(6y" +8y* +2)

(i)

Since tan0=0, cot0= is undefined.

tan 0
Hence the Maclaurin series of cot(x + O) cannot be found.

G) (o
y—CO(X'FEj

T
COS —
When x=0, y= 2:9=0,d—y=—1—02——1,
sinE ! dx
2
2 3
jxf=2(0)+2(0)3= ,jxf —(6(0)4+8(O)2+2):—2
S
FETITR T
(iv) Y
— (2
2+Xx y( +x)
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(a)

(b)

(©)

(d)

y=(+tan"' x)°

Differentiating with respect to x,
dy 0 1
—=2(1+tan" x

dx ( ) [ 1+ x7 j

1+ xz)% =2(1+tan"" x)

Differentiating with respect to x again,

dy 1
1+x +2 =2
( ) dx (1+x2)

(1+x) +2x(1+x)dx—2 (shown)

2
Differentiate (1+x°) dxy +2x(1+x%) di 2 with respect to x,

(1+x)

(1+x%) +6x(l+x)d1 +(2+6x )y 0

3
When x=0, y=1, d_y =2, d_'l/_z’ d_y:_4
dx dx
Hence the Maclaurin’s series for y is

yz1+2x+x2—§x3.

: : : 2
Using the Maclaurin’s Series for y, y =1+2x+x’ —§x3 .
It was observed that the gradient of the tangent to the curve at x = 0 is 2. Hence the gradient of

o1
normal is 5 From (¢), y=1 whenx=0.

: : 1
Therefore, the equation of normal to the curve atx =01is y = —Ex +1.
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(i) (l—xz)f"(x)—xf'(x)=0 (Given)
Differentiating,
(1—x2)f'"(x)—fo"(x)—xf "(x)-f'(x)=0

At x =0, substitute into:
(l—xz)f"(x)—xf'(x) =0
f"(O)—O =0

£7(0)=0

At x =0, substitute into:
(1—x2)f'"(x)—fo"(x)—xf "(x)-f'(x)=0
£"(0)=0—-0—f'(0)=0

f"(0)=-1

Thus,
f(x)
2 X 3

:f(0)+xf'(0)+;—!f"(0)+—

= 7(0)+..

(i) X’

2
+ j (1-x+ ...)_l (Need not consider x° — term anymore.)



(iii)

:—l—x—ix2 +...

Integrating both sides with respect to x,

J‘f(x)dxz _1_x—%x2+ ...... dx

£(x)

ln|f(x)| = {—x—%xz +..1+ C

When x=0, f(0)=1:
Infl|=C=C=0

ln|f(x)| = —x—%x2 +...
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(a)

1
r= 3+sin2x
y(3+sin2x) =1
Differentiate implicitly w.r.t. x:

(3+sin 2x)(%j +y(2cos2x)=0

l(d—y]+2yc052x= 0
y\dx

d—y+2y2 cos2x=0
dx

Alternatively
y=(3+sin 2x)71

% =—(3+sin 2)c)72 (2cos2x)

% =—y*(2cos2x)

Differentiate implicitly w.r.t. x:

dzy I dy

— -2y 2sin2x+2(2y)—cos2x=0
dzy 5 . dy
——4y°sin2x+4y—cos2x=0
o g/
GiventhatxZO,yszl,

3+0 3
2
d_y=_ (lj cosO=—%,
dx 3 9

2 2
d—);:4 l sin0—4 l —z cos0= 8
dx 3 3 9 27

1 2 xz(sj 1 2 4
y=———Xx+ +oR———X+—X

3 9 2l27 Y

2



(b)

(©)

1

r= 3+sin2x

J

1
~3+(2x+---)

= (3 + 2x)_l

= l(l +(=1) [%xj + (_1)2('_2)
:%(l—gxwtixz j
1 2

Ll 2,40 (verified)
39 7

15 1

0 3+sin2x

jl's(l—z)wixzjdx
o3 9 27

5
— or 0417 (3.s.
T (3.s.0)
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(a)

(b)

(©)

(d)

3
sin3x:(3x)_(3x) 3y _97+
: 2 3
f (x):esmx =1+ (sin3x) + (sin3x) N (sin3x) N
2! 3!
o’ 1 9x’ 1 9,3

=1+Bx -+ . )+ —Cx -t ... 2+— 3x—+. ) +...
( 5 y ( 5 ) +—( 5 )

0y
—1+3x—7+ [(3 R [(3x)]

~1+3x+ 2x2 +0x° (1ndependent of x°)
2

Alternative (by differentiation)

lety — esin}x

dy sin3x

—~ =3cos3x-e =3cos3x-y
d*y

dy .
—2:3cos3xa—9sm3x-y

dy 3cos3xd Y 9sm3xdy—9sin3x-d—y—27cos3x-y
dx? dx dx

When x =0,
dy dy d3y

1, =3, =9, =0
TR T W W
.'.y=1+3x+%x2+0x3+...

sin3x

€

j(x +3x7"! +—)dx

=—x'43 In x| + Z x+C where C is an arbitrary constant
2

IOZ 2 5 sm3x b J.024_es1113x i

= 4[—x"" +31nx+%x]3;§

=30.1178 (4 d.p.)
: 02 2 5 gin3x
Using GC, jm (£)%e¥"3* dx =29.9995 (4 d.p.)
. X

The approximation is accurate as the values of x (between 0.1 and 0.2) are close to 0 for
the magnitude of x* and higher powers of x to be neglected.

Alternative:
[30.1178—29.9995 |

29.9995
Since percentage error is small, approximation is accurate.

x100=10.3943%

% error =



(b)

(©

(d)

a a
=14+ —x+=—x*+...
2 8

The expansion is valid for
2.2
—-a'x ‘<1

a’x* <1 since a’x* >0

| . .
x* <— since a is positive
a

1 1
From graph, ——<x<—
a a

3
_ 3
cos ' xxc—x—— —4—0x5 for some constant ¢

Since cos™ 0=—, substituting x =0, c =% :

=, o8 o | =

a

ool ¢ = 3 s
SCO0ST X=—————X +..
6 40

\S]

1 1 3 5

= 27 x 3x B

joz cos” x dx ~ "‘025—)6—?—4—0 dx =0.65760 (5sf)
1

By GC, joz cos™ x dx =0.65757 (5sf)

Estimate in (¢) is accurate to 4sf but not to 5sf.
To improve estimate, we can include higher-order terms in the Maclaurin series expansion of cos™ x





