H2 MATHEMATICS (9758)
TOPIC DIFFERENTIATION AND ITS APPLICATIONS

1

@ +y3—xy=A
Differentiating with respect to x,

dy dy
3x2 43y = —x=—y=0
X y dx dx Yy
( ) —3x2+y (*)
When —y:O
dx
O=—3x2+y

y=3x? (shown)

(b)

At stationary point, %} =0, y=3x".

Sub y=3x? into x> +1° —xy =4,
X +(3x2)3 —x(3x2)=A
42730 -3x° =4
27x8—2x3 - 4=0
(2 -4en(-4)
2(27)

N 242414274

o 2(27)
31414274

Y

1+ 1+27 lm
27

For more than one stationary point,
Discriminant 1+274>0

So 4 >—L
27



(c) 2\ 2
From (*), (3y° —x)]—=-3x"+
(*) ( y X)dx x4y

Differentiate with respect to x,

2
(3)}2 —x)d—y+(6yd—y—l]d—y=—6x+d—y
dx? dx dx dx

When %:0, y=3x2, so we have

(3(3)(2 )2 - x]ji—f =—-6x
(27x4 - x)dz—y =—6x

I
dzy _ 6x 3 6
d? 27xt—x 27 -1
When i = LEV1+274
27 ’
d?y 6 6 . . .
=— =— <0 so this is a maximum point.
d? 27X -1 1+274 ¢
When 1 — 1-+/14274
27 ’
dzy 6

=— = >0 so this is a minimum point.
de?  27x° -1 V1+274



2
(a)

(b)

y? _3a-x
X a+x
2

Since y—2 > 0 for all values of x and y,
X

3a—x

, x#=0

N0)

>0, x#—-a
a+x

—a<x<3a
Since x#0,

SL—a<x<0or0<x<3a
Alternative Solution

) (3a —x)x2

a+x

,x#=0

(3a—x)x2
a+x

_(x—3a)x2 50
a+x

(x—3a)x2

xX+a
+ - - +

S o o>
—a 0

Since y* >0, >0, x#0

SL—a<x<0or0<x<3a

Let a=1, wehave y*(1+x)=x"(3-x).

2yd—y(1 +x)+ 9’ =2x(3-x)—x°
dx
dy ) .
™ =0 when tangent is parallel to the x-axis.

When d—y:O, y* =2x(3-x)-x’
dx
=6x—3x"

Substitute y* = 6x —3x” in y*(1+x)=x>(3—-x),
(6x=3x)(1+x)=x"3—-x)
6x +6x> —3x> —3x’ =3x" - x°
¥ =3x=0
x(x*=3)=0
x=0 or x:i\/g

Since x # 0 and —a < x <3a, we have x:\/§

When x=+/3, 1° =643 -3(3)

y=+J6/3-9
The coordinates of the points are (\/g A 6\/3 — 9) and (\/5 , —\/6\/3 - 9)



(©)

When x=1,
P+ =13 -1)
y==1
When x=1, y=1,
2d—y(1+1)+12=2(3—1)—12:>d—y=l
dx de 2
Equation of normal is y —1=-2(x—1)
=>y=-2x+3
When x=1, y=-1,
—2d—y(1+1)+12:2(3—1)—12:>d—y=—l
dx dx 2
Equation of normal is y — (1) =2(x—1)
= y=2x-3

3
Solving y =-2x+3 and y=2x-3, we get x=5 and y=0

Therefore, the coordinates of N are (%,Oj



1
y=1l-—

X
b
dx
Atx=a
d 1 1
—_— =, :1——
dx a° Y a

Tangent at x =a

{112

a a

(x—a)

2 2
ay—-a +ta=x-a

1 1
y—1+—:—2
a a

a’y—x=a’—2a(Shown)
9y—-x=1 = y=é(x+l)

If [ is parallel to 9y —x =1
dy 1 1

dx 4> 9

a=-3 (rejectasa>0)or3
When a =3,
3?y—x=3"-203)
9y—-x=3



(@)

(i)

At (%,Oj,%: .
(3—sin2(ﬂD
4

dy _ (3—sin2x)(-8sin2x) —4cos2x(—2cos 2x)
dx (3 —sin2x)’

_ —24sin2x +8sin’ 2x + 8 cos’ 2x
(3-sin2x)’

= M, since sin’® 2x +cos’ 2x =1
(3—sin2x)

-24gn2(”j+8
4

Equation of normal:

1 T
_0=—(x-Z2
y ( 4)

4
1 T

y=—x

47 16

u=sin2x
d
—u=2cos2x

du =2cos2x dx
Whenx= 0,u=0;

Whenxzz,uzsin Z =
4 2

Method 1

v

Area 4
5 4cos2x
0 3—sin2x

i

z 2
=|4——2cos2x dx
0 3—sin2x

=12du
03—y

=[-2In|3—ul]; =—21n2+21n3=21n%

Area B

(=)= \_ =
204 )\ 16 128

Thus total area required = Area 4 + Area B = 21n5 + e

2
T

T
0



Method 2

u=sin2x

d
—u=2c052x
dx

du=2cos2x dx
Whenx= 0,u=0;

When xzz,uzsin T
4 2

Area
_ §4co.s2x dr— %lx—zdx
0 3—sin2x 04 16
2 2 1
=|*——2cos2x dx— “—x—ldx
0 3—sin2x 04 16
2 71
= du—[1=x-Z

03—u 04 16

T

2 N
=[—21n|3—u|]a{x——ﬂ}

8 16 |,
72_2
=-2In2+2In3+—
128
2
=2ln§+”—
2 128

(b) dy_—24sin2x+38
dx  (3-sin2x)’

When £<x<5—ﬂ,
12 12

£<2x<5—7Z

6 6

l<sin2x$1
2

—24 <-24s8in2x <12
—-16<-24sin2x +8<—4

. —245sin 2
At the same time, (3-sin2x)* >0 , thus d—)/=L3H_8<0 when £<x<5—ﬂ

dx  (3-sin2x)’ 12 12



)

(i)

(iii)

2x* +y* =20
x* 2
LY
10 20

x* 2

7T - =1

(o] (i

2 2

X " y 1

Method 1

Gradient of normal = b

2x

At (a,b) , Gradient of normal = 2i
a

b b-0

2a a-1

ab—b=2ab

ab+b=0

b(a+1)=0

b=0 or a=-1

When b =0, 2a2+(0)2:20

a=—\/ﬁ or \/ﬁ



or

When a =1, 2(~1)" +5* =20

b =18
b=-/18 or /18
b=—3\/§ or 3\/5

The four coordinates are (\/E,O),(—\/E,O),(—l, —3\/5)
and (—1,3\/5).

Method 2
Gradient of normal = =
2x
At (a,b), Gradient of normal = 2i
a
Equation of normal at P: y—b = 2—(x —a)
a
b b
=—x——+b
T2 T2
b .0
Y 2a 2

Since normal passes through (1, 0),
b b

O=£(1)+5

O0=b+ab

b(1+a)=0

b=0 or a=-1
When b =0, 2a* +(0)" =20
GI—M or \/E

or

When a =~1, 2(~1)" +b* =20
b =18

b=—/18 or 18
b=-3v2 or 32

The four coordinates are (x/ﬁ,O),(—\/E,O),(—l, —3\/5)
and (—1,3\/5 )



@ x 2
—+

2
=1
2
a

S

Differentiate w.r.t x:

E_Fz_y(d_y}zo

a b \dx
2y (dy 2x
F(Ejz_?
d_y 2

x
LN 0)(sh
7> (since y # 0)(shown )

(b) At P(acos,bsin®),

Q__bz (acos@) __bcos@

dx a’(bsinf) asin@

Equation of tangent at P,

bcos@
—(bsinf)=- x—acost
Y ( ) asine( )
Y _ing=— CO,SQ (x—acosd)
b asin @
Zsin¢9—sin26':—00549(x—ac050)
b a
Lsin@—sin? @ = -2 cosf+cos? @
b a

X . .
X cos@+2sinf =sin® @ +cos> @
a

X eosO+2Lsind=1 (shown)
a b

(¢) When x=0,

Zsir1¢9=1:>y= 'b
b sin @
When y =0,
—cosl=1=x=

a cos

Area of triangle ORS

_l b a \_ ab _ab
2\sin@ )\ cos@ 2sinfcos@ sin26




(d)

0<9<Z
2
0<sin260<1

1
>1
sin 26
ab

sin 20

> ab, since a and b are positive

This means minimum area is ab when sin20 =1.

sin260 =1

49:1 (since 0<6?<£)
4 2

Therefore, minimum area is ab (shown) and occurs when 6 = %
Alternative method
Let area of triangle ORS be 4.

ab

A=———=ab(sin26)

sin 26
Y ib(sin260)” (2c0s20) = 2400520
deé (sin26)

dA4
At stationary point, — =0
ry p 10

-2abcos20
(sin 26’)2
c0s20=0

2 :% (s @ is acute)

Minimum area of triangle ORS

AzL:ab

sinZ(”j
4

Therefore, minimum area is ab and occurs when 6 = Z
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(a) Method 1:
x* +y° —8x—6y—20=0crosses positive x axis at 4:
Let y=0:
x* —8x—20=0
(x —10)(x +2)=0
x=10 or x=-2 (Rejected as x>0)

. A(10,0)

x>+ )" —8x—6y-20=0

2x+2yd—y—8—6d—y=0
dx dx

dy 8-2x 4-x
dx 2y-6 y-3
Tangent at A:

4-10
x—10
0_3( )

y=2x-20

Method 2:

X+ —8x—6y-20=0

(x—4) =4 +(y-3)" =3 -20=0
(x—4) +(y-3) =45

When y=0,

(x—4) =36

x=-2 (Rejected - x>0) or x=10
+. 4(10,0)

y-0=

dy
2(x—4)+2(y-3)—==0
(x=4)+2(r-3)F
dy
2(10-4)+2(0-3)—==0
(10-4)+2(0-3)
dy:2

dx
Tangent at 4:

y—0=2(x—10)
y=2x-20



(b)

(©)

x> +y? —8x—6y —20 =0 crosses positive y axis at B:
Setx=0,

y—6y-20=0

»=3+29=8.3852 or y=3-+29=-2.3852 (rejected - y > 0)
- B(0,8.3852)

dy 4—x 4
&| ., y-3 83852-3

=0.74278=0.743

Gradient =2

Gradient =0.74278

__61 - e -

Acute angle between both tangents =6, — 6,

=tan"' 2 —tan"'0.74278 = 26.8°

x* 4+ —8x—-6y—-20=0 3
(x—4)’ =16+ —6y—-20=0
(x—4)°=—y"+6y+36

x=4+-p*+6y+36
since x<0, x=4—/—y" +6y+36

Volume generated

2 4= 16y +36) dy=1415
_ﬂ.':zsssz( —\7Y +6y+36)°dy = \



(@) 2xy+x-9y=0
Differentiate with respect x,

Zxd—y+2y+1—9d—y:O
dx dx

%(2)6—9):—2)/—1

dy 2y+1
dx 9-2x

OIS
dx

G = 2y+1
9-2x
Diff wrt x,

G 2 0-20)-(2r+1)(-2)
dr (9-2x)’
When x=3,
2xy+x-9y=0
=6y+3-9y=0
=y=1
Cdy _2()+1 _q
dx 9-2(3)

Hence, when x =3
dG dG dx

dr dx dr
_20)(9-203)) - (2()+1)(-2) )
(9-203))°

== or  0.0267(3sf)

0.02

Therefore, required rate is % units/s. (or 0.0267 units/s)



(@)

(b)

We have 4 =47zr* = ijﬂ = 87rrﬂ
t

dr
Hence —100 = 87[(5)i = dar =—0.796 cm/s
de  dt

Alternative
A=4nr’ :%z&zr
dr

& _dd dr

de dr d4
=-100x

87(5)
__5
2w

. . 5
Hence the radius is decreasing at 2—cm/s.
/4

. 4
Volume of meteorite, V = — 71’ = (L4 4rzr? (7
3 dt dt

Since V decreases with ¢, we have (il_V = —kA for proportionality constant £ > 0.
t

: d d . .
This means that 477’ d—r =—k (47rr2 ) = d—r =—k, which is a negative constant.
! t

Hence the radius is decreasing at a constant rate.

Alternative

We have Cll—V = —kA = —k(4xr*) for proportionality constant k& > 0.
t

V=i7zr3 :>d—V:47rr2
3 dr
b ar
de de dV
=—k(4r*)x
( ) 4rr?
=—k<0

Since £k is a negative constant, thus the radius is decreasing at a constant rate.
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@ %(PQ)(PR) sin ZOPR
:%(x+1)(4—x)2 sin 30°

= %(x+l)(4 —x)°

:%(x+1)(16—8x+x2)

=%(l6x—8xz+x3 +16—-8x+x7)

= %(Jf —7x” +8x+16) (Shown)
Or let N be the foot of perpendicular from Q to PR.
ON = PQsin30° = %(x+ 1)
1
A= 5 (ON)(PR)
1 2
=—(x+1)(4-x)
4
1 2
:Z(x+1)(16—8x+x )

=%(16x—8x2 +x° +16-8x+x7)

= %(;f ~7x* +8x+16) (Shown)



(®) a :l(3x2 —14x+38)
dx 4

At stationary values, % =0

= i(3x2—14x+8):0

2 : o
= x=— or x=4 (rejected since it is given that x < 4)

d’4 1 ,

=—(6x—14 =-2.5<0 (maximum
dx2 W 4 ( ) x=% ( )
To find QOR:

When x=z, PQ=§ and PR=@
3 3 9

Using cosine rule,

o (1 (2 (e

OR ~9.70 (3 s.f)

1(2 5
Or ON=—| 241 |=2
ov=3(5+)

6
PN:PQcos30°=£(§]=ﬂ
23 6
MzPR—PN:%—%

on= o = 2 o[ 0 58] o
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(@) :
y2:h2+(§j X+2y=20
, x=20-2y p rorTT————————————7----73
o [20-2y
2

=k +(100-20y +°)
20y =100+ A

2

h
=5+— (shown
y 20 ( )

x=20-2y

_20 2 5 hz " ______________
B T Fig. 1




(b)

Volume of prism,

V:lhxz
2
2

=lh(10—h—j(20—2h)

2 10
=£(100—h2)(10—h)

10
:i(looo—loOh—10h2+h3)

10

:%(h“ —~ 10k ~100h" +1000k) (shown)

@ _ L(4h3 —30h” — 2004 +1000)
an 10

For max.volume,

%Z: 0= 474° —30h> — 2004 +1000 = 0

From GC : h=—-6.40 or 10 (reject - 0<h <10)
- h=3.9039

2
d Ij = i(lzhz — 60/ —200)
dr= 10
When /4 =3.9039,
v 1 2
e 5(12(3.9039) —60(3.9039)—-200) =-25.1<0
- h=3.9039 gives maximum volume

Max volume = %(3.90394 ~10(3.9039)" ~100(3.9039)" +1000(3.9039))

=201.71=202cm’ (3 sf)
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()

sinf = ——
P

PQ =d cosecd
PO+ QOR+ RS =2a

OR =2a—2(dcosect)
OR =2(a—dcosec)
Area of trapezium PORS = %d (OR+PS)
= %dp(a — dcosec@) +2d cotO + 2(a — dcosecé?)]

= %d[4a —4(d cosecd) +2d cot 6’}

=2ad +d* (cot@—2cosecd) (shown)

(b) % = —d*cosec’d + 2d*cosecHcot 0

When % =0, —d*cosec’0 + 2d*cosecOcotf =0

cosecd(cosecd —2cotd) =0

cosecd =0 or cosecd—2cotfd =0

(rejected cosecd=——=#0 as 6> 0)
sin @
.. cosecld =2cotl
cosf = l
2
0="
3
% = —d*cosec’d + 2d*cosecHcot O
do
0 T i "
3 3 3
d4 >0 0 <0
do
Slope / — \

Using the first derivative test, 9= r gives a maximum value for 4.
3

Alternative method



— =—d*cosec’d + 2d*cosecHcot O
do
d*4

T 2d*cosec*@cot @ —2d* (cosec3 0 + cosecHcot’ 9)

d*4
At 9=" —=-2309d> >0
9=3" 10’

0= 3 gives a maximum value for 4.

At 0:%, A=2ad +d’ [cot%—Zcoseczj

“2ad +d (%4%]]

=2ad —d*\3
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(a) By Pythagoras’ Theorem,
PP ht=2°
. h=~4—r> (reject h=—4—r" since h>0)

Let 7, be radius of cut off cone.

L rnoo1 ”
Using similar As, L=— = 7, =—
& r 4 0 4

SV =wr(r) +%nr2h —%nroz (%h)
:nr3+%nr2\/4—r2 —&an\M—rz
=mr’ +%nr2x/4—r2 (shown)

b) dr_ 3’ +2n 24 —r* + rz(;)(—bf)
dr 64 PNV

2
=3nr2+%n{2\/4—2— r }

:3nr2+%n{ -

At maximum value of V, (31—V =0,since O0<r<?2
r

'3nr2+£nr 83 =0
h 64 J4_,2
2

3nr r+l 8—3r =0
64| 4,2
2

re L[ 823 |y (since 0<r<2)

64\ 42

L1 ( 3r’ -8 j
64| /4,2
64r\4—r* =21r* =56
4096r° (4—r*) = (21r* = 56)
16384r* —4096r* = 441r* —2352r* +3136
. 4537r* —18736r° +3136 =0 (shown)

(¢) Using GC, since r >0,
r=0.41806129085388 or r=1.9886743863834

dV

When r =0.41806129085388, e 3.294435715# 0
r



(d)

(e)

Hence r =0.41806129085388 does not give a stationary value of V.
The squaring of the equation to remove the square root created additional roots to the equation.
These additional roots may not give rise to stationary values of V.

r =199 (3s.f)
h= «/4—112 =0.2125421957=0.213 (3 s.f)

The value of 7; =1.99 is almost the same length as the slant height 2 of the inverted cone. This

means that the inverted cone is essentially flat and non-existent, leaving the printer nozzle in the
shape of a cylinder only. Hence it is not realistic to have a maximum volume for the printer nozzle.

Ideal measurements/values/conditions based on theoretical calculations may not be practical or
feasible in real life.
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(a)

(b)

Length of BC =2rcos 6
Length of CD =2rsiné

P=2[AB+BC+CD]
= 2[4r+2rcos€+2rsin€]
=4r(2+cos@+sind) (shown)

£:4r(—sin9+cost9)
do
At maximum P, 4r(—sin@+cos6)=0
sin@ =cos @
tand =1
=T
4
Method @:
o |3 15|
4) | 4|4
d—P >0 0 <0
do
e N

. . T
Hence, P is maximum when @ = A

Method @:
d*P

=4r(—cosf—sind)
When 0:3,
4

2
d }: :4r(—cos£—sin£J <0
do 4 4

) ) T
Hence, P is maximum when 8 = E



Maximum Distance = 4r (2 + cos% +sin gj

= 4r(2+\/§) metres

(c) 3 minutes =180 seconds

4r(2+\/§)

Time to complete one loop =

To find maximum value of 7,

4r(2+ﬁ)
6

=180
_180x6

4(2++2)

270 Xz—ﬁ
(2+ﬁ) 2-2

=135(2—J5)

—270-1352

@ Area of ABCD = %(21’)(27’ cos@sin0)

=27 cos @sin &
Area of ABCDEF = (4r)(2r)+2(2r” cos 0sin6)

=8r? +4r* cos@sin @

When 9:% and r=270-135V2,
Cost of planting grass for ABCDEF

- 0.15><[8(270—135\/2)2 +4(270—135\/z)2 cosﬁsinﬁ}
4 4
— $9380.75 < $10000

Hence, management can afford to cover the entire shape ABCDEF with grass.
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Let the volume of the pyramid by V.




Solution 2 (take x as the variable)
Let the volume of the pyramid by V.

Base area = x°

V:%xzxfdz —x?

6\3
:le le
9 \3
d3
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(i)

W +r? =8
rr=64—h’
V:%m’zh :%7[(64—h2)h :%7[(64}1—}13)
ar 1
d—h:—zr(64—3h2)

At Stat point, v =0
dh

64-3h* =0
A
3

h :% (since & > 0)

d*v
dn?

=-2rh

83 [8\[] 16 5

When h =——,
3 T dn?

Sh= %will give a maximum V’

oo
o[22
(o (25

10243
= T

27

= 64—’ = 4—ﬁ=ﬁ

.

I”—\/_h (shown)

<0



(iii) Let the height and volume of the water be y cm and V' cm? respectively.
By similar triangle,
v h

X r

x:\/iy

Lo, ] 22y
V —gﬂx y—gﬂ(\/zy) y—gﬁy

When t=6, V'=18x

3

2
187 =—7x
3 y

y =27

y=3
v _dr dy

dt dy  dr

dy
3r=27(3Y =
7 =2m(3) P
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@ 4 4x%(2x)(l)+(2X)2
36

[=—-x
x

Let H be the height of the square pyramid
H=~I-x

V :é(Zx)2 NI

2
Loy (ﬁ_x] e
3 x

oo T
=%(4)(6),/(x2)2 G—?—zj

=8/36x% —2x*

() d_V_g(lj 1
\V36x* —2x*

2
~ 32x(9-x?)
36x7 - 2x°*

At maximum V, v =0.
dx

(72x—8x")

dx

32x(9-x7) B
3632 —2xt
x(3—x)(3+x) =0

=x=0 or x=43
From context, x >0. Hence x=3.

X 3- 3 3*
dv >0 0 <0
dx
Slope /

Hence V' is maximum when x =3
Alternatively,
2
From GC, d—;/ =-453<0
dx x=3

Hence V' is maximum when x =3



(c)

Maximum ¥ =836(3)% —2(3%)
=8162
=881(2)
=8(9)42
=72/2 (Shown)

Let A, 2r, W be the depth of liquid, side length of liquid surface, volume of liquid respectively.

From (a),

1=3%_3_9

3
H=NP—x2 =92-32 62

- . r 3 J2-h
By similar triangles, - 6
g RN EPRN
| h r
r= —(6\/5 - h)
22 3

w=7242 —%(27’)2 (632 —h)
= 72\/_—§(lj(6\/§—h)3

2

- 72\/_—%(6\/541)3

Given d—W=10, t=6,
dr

10(6) = 72f—%(6x/§—h)3
h=2.1778 (5 sf)

aw 1 2 dh
—=——3)(6v2 1) (D=
i 6 ( ) dt
aw 1 > dh
2 _(e2-h) =
dr 2( )dt
When ¢ =6,
2

10=1(6v2-2.1778)° &

2 dr
dh

=1 20.503 (3 sf)
dr

Depth is increasing at 0.503 cm per second
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(a) Let D=1f(x)—g(x).
L L (19— g0) = F -
At x =c, distance is maximum, i.c. % =0

%) =0=1(c)-g'(c)=0= f(c) =¢g'(c) (shown)

From the diagram, at x =c,
y =f(x) is concave downwards, i.e. f(c) <0

y =g(x) 1s concave upwards, i.e. g"(c) >0
d’D
Therefore at x =c, e f(c)-g"(c)<0.

Hence the distance is a maximum.

(b)(®
(b)(ii) From (a), we know that the maximum will occur when A'(c) = B'(c), and ¢ will satisfy the
equation A'(x)=B'(x).
d d

—(-0.16x" +12x* ) =—(50001log, (x +9)—10 000
0.48x" + 24y = —200
(x + 9) In3

5000

In3
Using GC to solve the equation gives
x=11.906 (5s.f.)=11.9(3 s.f)
x=46.296 (5s.f)=46.3(3 s.f)
sc=11.9 or c=46.3
(b)(iii)) A (11.906)—B(11.906) = —2404.8
A(46.296)—B(46.296)=1580.9
Therefore the furthest distance between them is 2404.8m (or 2400m) and Ben is in front of Andy.

Therefore P=-0.48,0=24, R =
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(2)

(b)

(©)

v =64(he + 4)‘1

4 it B t
- ~64(he" +4) " (khe" )

= ~64hke" (he + 4)‘2
av

ar

64hk[ke"’ (he"’ + 4)’2 —2¢" (hkek’ )(hekf n 4)’3 }
= —64hk’e" (e +4) (he" +4—2he")

= —64hk*e" (he" +4)" (4~ he)
2

When ((liV—O and r=1,

£

—64hk*e" (he' +4)" (4~ he')=0

4—he™ =0 since h, kande® >0

t =1 satisfies he" —4=0 = he"" =4

dv . .. ,
When — attains its minimum value, he" =4 .
t

64 64 ;
he” +4 4+4
2

Differentiate S=V3 w.r.t.  and let ke =4 and V=8
ds_ds dr
de dV dt
1
zz[/? Xd_V
3 dt
2, -1 N
=3(8) sx[—64k(4)(4+4) }
4k
3

2
When d—lt/ attains its least value, ((11712/ =0 and he" =4

2

¥ _0 and he" =4,

£

1
Differentiate a5 :%Vfg (d—VJ w.r.t. ¢ and let d
d 3 dr

s 3] 2
=2(—%J(8)_; [—641{(4)(4 + 4)‘2}2

=—%¢0 since k >0

Hence, i—S did not attain its least value when (il—V attains its least value.
t
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@) Aisat (1,0).

2

B is at (x,y) where y’ 21—% y

r :(x—l)z-i-(y—O)2

2
X

—(x=1)V +1-2
(r-1) 41-%

1
| -
:Z(3x2 ~8x+8) \\

4k -1

T 3x2_8x+8
(ii) 4k
3x? —8x+8

= —4k(3x* ~8x+8) " (6x-8)

T

3k

_ -8k(3x-4)
(3x° ~8x+8)

) .. dF
At stationary point, —=0.
Iy p &
6x—8=0

X =—

3
Method 1: Using 2"® Derivative to verify nature
&F  (3x* —8x+8) (-24k)+ 8k (3x—4)(2)(3x* ~8x+8)(6x~8)

dx? (3x* ~8x+8)’

When 6x-8=0, i.e.xz%:

2
C;x]j =_-3.375k <0, therefore maximum.
2
Note: can be found easily using GC.

2

x=
3



Method 2: Using 1% Derivative to verify nature

x 4” 4 4"
3 3 3
dr >0 0 <0
dx
/ - \
Fmax = 2 4k
o(5) -3
3 3
_3k
2
(iii)
.
X

2

Note that y” :1_%:>x:i2\/ﬁ

Therefore 2<x<2

(iv)  Minimum F occurs when B is farthest from A.
i.e. when Bis (-2, 0), and thus r=3.

F._=—

min

O W

F .=

min

(V) By symmetry, B must be at (0,1) or (0,-1)
with x-coordinate =0
4k

With x=0, F=——=
0+8 2





